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THE SEARCH FOR SOLITONS ON HOMOGENEOUS SPACES
JORGE LAURET
Abstract. The concept of soliton, in its most general version, allows us to find canon-
ical or distinguished elements on any set provided with an equivalence relation and an
‘optimal’ tangent direction at each point. We study in this paper solitons on homo-
geneous spaces, which have consolidated its role as a quite useful tool to find soliton
geometric structures in Riemannian, pseudo-Riemannian, complex, symplectic and G2
geometries.
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1. Introduction
We aim to continue here the study of geometric flows and their solitons on homogeneous
spaces, with emphasis in a unified approach regardless of the type of geometry as done in
[L1, L7, L8, L11]. The present paper is intended to be an invitation to explore the class
of homogeneous spaces beyond Lie groups, with regard to the existence, uniqueness and
structure of solitons in pseudo-Riemannian, Hermitian, almost-Ka¨hler and exceptional
holonomy geometries.
A homogeneous space is a quotient M = G/K of a Lie group G by a closed subgroup
K ⊂ G. They are differentiable manifolds and their algebraic provenance promises a rich
interplay. The presentation of a differentiable manifold as a homogeneous space is far from
being unique, and attached to eachM = G/K we have the subgroup Aut(G/K) ⊂ Diff(M)
of equivariant diffeomorphisms defined by automorphisms of G taking K onto K. On the
other hand, the natural left action of G on M determines G-actions by pull-back on any
space of tensor fields on M , giving rise to the concept of G-invariant geometric structure
on M . Two G-invariant geometric structures (or tensor fields) are said to be equivariantly
equivalent when they belong to the same Aut(G/K)-orbit.
The author gratefully acknowledges support from FONCyT (ANPCyT) and SECyT (UNC).
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Given a homogeneous space M = G/K and some kind of geometry, we ask ourselves
the following question borrowed from the first page of Besse’s book [B]:
Are there any best (or nicest, or distinguished) G-invariant structures on M?
The meaning of these adjectives are, of course, part of the problem. Classical possibilities
to approach this question include special curvature properties, critical points of geometric
functionals, parallelism relative to some connection, etc. The property is expected to be
weak enough to allow existence results for large classes of homogeneous spaces, but also
sufficiently strong to produce uniqueness or finiteness results up to equivariant equivalence.
In this paper, the following dynamical approach is considered. Let Γ be a space of
G-invariant geometric structures on a fixed homogeneous space M = G/K. Assume that
at each γ ∈ Γ, there is a G-invariant optimal or preferred direction q(γ) ∈ TγΓ, viewed
as a ‘direction of improvement’ in some sense. The corresponding geometric flow on Γ,
defined by the ODE
(1) d
dt
γ(t) = q(γ(t)), γ(0) = γ,
is therefore supposed to ‘improve’ the structures while they are flowing. In this light, it
is natural to consider a structure γ distinguished in the case when the solution to (1) is
given by
γ(t) = c(t)f(t)∗γ, for some c(t) ∈ R∗, f(t) ∈ Aut(G/K),
i.e. γ(t) is self-similar relative to equivariant equivalence. In that case, (G/K, γ) is called
a semi-algebraic soliton in the literature. The condition is equivalent to the following nice
blend of geometric and algebraic aspects of the homogeneous structure (G/K, γ):
(2) q(γ) = cγ + θ(Dp)γ, for some c ∈ R, D =
[
∗ ∗
0 Dp
]
∈ Der(g),
where θ is the usual gl(p)-representation on tensors. Here we are using a reductive de-
composition g = k ⊕ p (i.e. Ad(K)p ⊂ p) for the homogeneous space G/K and the fact
that any G-invariant tensor field on M = G/K can be identified with an Ad(K)-invariant
tensor on ToM ≡ p.
If the derivation D in (2) satisfies in addition that Dp is orthogonal to the stabilizer
gl(p)γ , then (G/K, γ) is said to be an algebraic soliton. They also distinguish themselves by
being precisely the fixed points of the bracket flow as well as by their ‘diagonal’ evolution
(see below). The bracket flow is a dynamical system defined on the variety of Lie algebras
which is equivalent to the geometric flow (1) in a very precise sense.
The concepts of algebraic and semi-algebraic solitons have a long and fruitful history
in the Ricci flow case. More recently, they have also provided a quite useful tool to
study the existence problem of homogeneous soliton geometric structures in many different
geometries, including pseudo-Riemannian, complex, symplectic and G2 (see Section 4 for
references).
After surveying the topics of general solitons, homogeneous geometric structures and
semi-algebraic solitons in Sections 2, 3 and 4, respectively, the following new results are
obtained.
• Provided that a certain mild condition on the flow holds, we prove that any soliton
(M,γ) in the general sense (i.e. q(γ) = cγ + LXγ for some c ∈ R and X ∈ X(M)),
which is homogeneous, is a semi-algebraic soliton when presented as a homogeneous
space (G/K, γ) with G = Aut(M,γ) (see Section 5).
• In Section 6, we first give overviews on the moving-bracket approach (to study homoge-
neous geometric structures) and on the bracket flow. Secondly, we compute the evolution
of semi-algebraic solitons relative to the bracket flow.
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• We geometrically characterize algebraic solitons among homogeneous solitons as those
developing a ‘simultaneously diagonalizable’ solution γ(t) to the ODE (1) (see Section
7).
Acknowledgements. The author gratefully acknowledges Valeria Gutie´rrez and Marina
Nicolini for helpful comments during the preparation of this paper.
2. Solitons in differential geometry
From a very general point of view, the necessary ingredients to define a soliton are just
the following (see [L11]):
• A set Γ with a notion of tangent space TγΓ at each γ ∈ Γ.
• An equivalence relation ≃ on Γ.
• An optimal or preferred direction at each point, q(γ) ∈ TγΓ, viewed as a ‘direction of
improvement’ in some sense.
In that case, γ ∈ Γ is called a soliton if
(3) q(γ) ∈ Tγ [γ],
where [γ] is the equivalence class of γ, that is, γ is in a way ‘nice’ enough that it does not
need to be ‘improved’.
In the context of differential geometry, we consider a space Γ of geometric structures on
a fixed differentiable manifold M and identify Γ with a subset of the vector space T r,sM
of all tensor fields of some type (r, s) (or tuples of tensors). As usual, the equivalence
relation is scaling and pulling-back by diffeomorphisms, i.e. the equivalence class of γ ∈ Γ
is given by
[γ] = {ch∗γ : c ∈ R, h ∈ Diff(M)} ∩ Γ.
Typically, a preferred direction,
γ 7→ q(γ) ∈ TγΓ ⊂ T
r,sM,
is given by a curvature tensor associated to some affine connection attached to γ, or the
gradient of a natural geometric functional, or the Hodge-Laplacian on differential forms,
etc.
Once the space Γ and the preferred direction q have been specified, it follows from (3)
that γ ∈ Γ is a soliton if and only if
(4) q(γ) = cγ + LXγ, for some c ∈ R
∗, X ∈ X(M),
where LX denotes Lie derivative with respect to a vector field X of M (recall that
Tγ(Diff(M) · γ) = LX(M)γ). In the case when q is diffeomorphism equivariant (i.e.
q(f∗γ) = f∗q(γ) for any f ∈ Diff(M) and γ ∈ Γ), which will be assumed in this pa-
per, any geometric structure in Γ which is equivalent to a soliton is also a soliton.
Example 2.1. (Ricci solitons) The space Γ of all Riemannian metrics on M is open in
S2M , the vector space of all symmetric 2-tensors, and a natural preferred direction is
q(g) := −2Ricg ∈ TgΓ = S
2M ⊂ T 2,0M,
where Ricg is the Ricci tensor of the metric g ∈ Γ. This gives rise to the well-known Ricci
solitons.
Example 2.2. If a complex manifold (M,J) is fixed and a space Γ of hermitian metrics on
(M,J) are to be considered, then the equivalence is determined by the action of the group
Aut(M,J) of bi-holomorphic maps rather than Diff(M), so X has to be a holomorphic
field. In the symplectic case, the group of symplectomorphisms Aut(M,ω) of a fixed
symplectic manifold (M,ω) must be considered.
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Concerning the associated geometric flow,
(5) ∂
∂t
γ(t) = q(γ(t)), γ(0) = γ,
one easily obtains that γ is a soliton if and only if
(6) γ(t) = c(t)f(t)∗γ, for some c(t) ∈ R, f(t) ∈ Diff(M),
i.e. γ(t) is a self-similar solution.
Example 2.3. (Ricci flow) The evolution equation determined by Example 2.1 is precisely
the famous Ricci flow ∂
∂t
g(t) = −2Ricg(t) introduced in the 80s by Hamilton and used as
a primary tool by Perelman to prove the Poincare´ and Geometrization conjectures.
Note that solitons are not necessarily fixed points of the flow (i.e. zeroes of q). Never-
theless, they are not either improved by the flow and may attract or stop other solutions
in its way to a fixed point. Thus their existence is undesirable if one is hoping to use the
flow to find zeroes of q in Γ; on the other hand, the existence of solitons is great news for
the search of canonical or distinguished structures in Γ beyond zeroes of q.
Remark 2.4. A natural preferred direction q may or may not produce a flow, as the
existence of solutions to the PDE (5) is not guaranteed. So possibly, a study of solitons
can be worked out without any reference to a flow, as in the case of Ricci solitons in
pseudo-Riemannian geometry (see [BCGG]).
Let us assume for the rest of the paper that the scaling behavior of the preferred
direction q is given by
(7) q(cγ) = cαγ, ∀c ∈ R∗, γ ∈ Γ,
for some fixed α < 1. In that case, the scaling in (6) is given by
c(t) = ((1 − α)ct+ 1)
1
1−α ,
where c is the constant appearing in the soliton equation (4) (see [L8]). The soliton γ
is therefore called expanding, steady or shrinking depending on whether c > 0, c = 0
or c < 0, and the maximal time interval of the corresponding self-similar solution is
respectively given by,
(−Tα,∞) , (−∞,∞), (−∞, Tα) , where Tα :=
1
(1− α)|c|
> 0,
often called immortal, eternal and ancient solutions, respectively. For instance, α = 0 if
q is the Ricci tensor or form of any connection associated to a metric or to an almost-
hermitian structure, and α = 13 for most of the flows for G2-structures in the literature.
We refer to [L8, L11] and Section 4 for overviews on solitons for different kinds of
geometric flows in complex, symplectic and G2 geometries, including:
• Ricci flow [C].
• Chern-Ricci flow [TW].
• Pluriclosed flow [S].
• Hermitian curvature flow [ST1].
• Anti-complexified Ricci flow [LWn].
• Symplectic curvature flow [ST2].
• G2-Laplacian flow [Ly, Ln, KMT].
Remark 2.5. The word soliton has been used in PDE theory since 19th century in the
context of Korteweg-de Vries equation to name certain solutions resembling solitary water
waves. More generally, in the study of geometric flows, solitons refer to geometric struc-
tures which evolve along symmetries of the flow (i.e. self-similar solutions) and the use
THE SEARCH FOR SOLITONS ON HOMOGENEOUS SPACES 5
of the word soliton was initiated by Hamilton in the 80s (see [H]) in the context of Ricci
flow to name Ricci solitons. Nowadays, solitons are spread over the fields of differential
geometry and geometric analysis.
3. Homogeneous geometric structures
A differentiable manifold endowed with a geometric structure, say (M,γ), is said to be
homogeneous if its automorphism group,
Aut(M,γ) := {f ∈ Diff(M) : f∗γ = γ},
acts transitively on M . Note that this property makes the points of M geometrically
indistinguishable.
Recall that a homogeneous space is a quotient G/K of a Lie group G over a closed
subgroup K ⊂ G. If (M,γ) is homogeneous, then each Lie group G ⊂ Aut(M,γ) which
is still transitive on M gives rise to a presentation of M as a homogeneous space G/K,
where K is the isotropy subgroup of G at some origin point o ∈ M . In this way, γ
becomes a G-invariant geometric structure on the homogeneous space M = G/K. On
the other hand, one can also start with a homogeneous space M = G/K endowed with
a G-invariant geometric structure γ (i.e. τ∗aγ = γ for any a ∈ G, where τa ∈ Diff(M) is
defined by τa(bK) = abK for all b ∈ G), giving rise to a homogeneous (M,γ).
Any homogeneous space G/K will be assumed in this paper to be only almost-effective
(i.e. the subgroup {a ∈ K : τa = id} is discrete) rather than effective (i.e. τa = id if and
only if a = e). Note that G/K is effective if G ⊂ Aut(M,γ).
If g = k ⊕ p is a reductive decomposition (i.e. Ad(K)p ⊂ p) for the homogeneous space
G/K, where g and k respectively denote the Lie algebras of G and K, then the tangent
space at the origin of M is identified with p,
ToM ≡ p,
via the isomorphism
(8) p −→ ToM, X 7→ dπ|eX = Xo,
since Ker dπ|e = k. Here π : G → G/K is the usual projection and each X ∈ g is also
viewed as the vector field on M defined by Xp :=
d
dt
∣∣
t=0
τexp tX(p).
Remark 3.1. In the case when a Riemannian metric gγ is involved in the geometric struc-
ture γ, i.e. contained in or uniquely determined by γ, one obtains the following:
• Aut(M,γ) is a Lie group, as it is a closed subgroup of the Lie group Iso(M,gγ) of all
isometries of the Riemannian manifold (M,gγ). In particular, G is closed in Aut(M,γ)
if and only if K is compact just as in the Riemannian case.
• The existence of a reductive decomposition for G/K is guaranteed since Ad(K) ⊂ GL(g)
turns out to be compact. Anyway, one can just work with the identification ToM ≡ g/k
if a reductive decomposition is preferred not to be chosen.
3.1. Tensors. Since a G-invariant tensor field on a homogeneous space M = G/K is
determined by its value at the origin o, it can always be identified with a tensor γ on
p which is Ad(K)-invariant, i.e. Ad(z)|p · γ = γ for any z ∈ K, or equivalently if K is
connected, θ(adZ|p)γ = 0 for all Z ∈ k. We are considering here the usual left GL(p)-
action and corresponding gl(p)-representation θ on the finite-dimensional vector space
T r,sp := {γ : p× · · · × p︸ ︷︷ ︸
r
−→ p⊗ · · · ⊗ p︸ ︷︷ ︸
s
: γ is multi-linear}
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of tensors of type (r, s), given by
h · γ :=h ·s γ(h
−1·, . . . , h−1·), ∀h ∈ GL(p),(9)
θ(A)γ :=θs(A)γ − γ(A·, . . . , ·)− · · · − γ(·, . . . , A·), ∀A ∈ gl(p),(10)
where ·s and θs denote the GL(p)-action and gl(p)-representation on p⊗ · · · ⊗ p (s times),
respectively. Note that h · γ = (h−1)∗γ.
Conversely, it is easy to see that any Ad(K)-invariant tensor on p can be walked around
M via the G-action to become a G-invariant tensor field on M . To sum up, the linear
map
(T r,sM)G −→ (T r,sp)K , γ 7−→ γo,
is an isomorphism between the vector space (T r,sM)G of all G-invariant tensors fields on
M and the finite-dimensional vector space (T r,sp)K of all Ad(K)-invariant tensors on p.
An alternative identification of (T r,sM)G is given by the isomorphism
(T r,sM)G −→ T r,s0 G, γ 7−→ π
∗γ,
where T r,s0 G ⊂ T
r,sG is the vector subspace of all (r, s)-tensors γ on the Lie group G such
that the following conditions hold:
(i) γ is left-invariant.
(ii) γ is invariant under the action of K on G by conjugation.
(iii) γ(. . . , Z, . . . ) = 0 for any Z ∈ k.
Note that, algebraically, T r,s0 G is identified with
T r,s0 g := {γ ∈ T
r,sg : γ is Ad(K)-invariant and (iii) holds} ,
and the linear map
(T r,sp)K −→ T r,s0 g, γ 7−→ dπ|
∗
eγ,
is an isomorphism. In the context of differential forms, the differentials of forms dG and
dM on G and M , respectively, satisfy that
dG (dπ|e)
∗ γ = (dπ|e)
∗ dMγ, ∀γ ∈ (Λ
kp∗)K ⊂ (T k,0p)K ,
and thus
dMγ(X1, . . . ,Xk+1) =
∑
i<j
(−1)i+jγ([Xi,Xj ]p,X1, . . . , X̂i, . . . , X̂j , . . . ,Xk),
for any X1, . . . ,Xk+1 ∈ p, where [Xi,Xj ]p is the projection of the Lie bracket [Xi,Xj ] on
p relative to g = k⊕ p and X̂i means that Xi has to be deleted.
3.2. Equivalence. A diffeomorphism of a homogeneous space M = G/K is called equi-
variant if it is given by an automorphism of G taking K onto K. Let Aut(G/K) denote the
group of all equivariant diffeomorphisms of M = G/K. It is easy to check that Aut(G/K)
acts on (T r,sM)G and two G-invariant geometric structures (or tensor fields) are said to
be equivariantly equivalent when they belong to the same Aut(G/K)-orbit.
In the case when G is simply connected and K connected (in particular, M simply con-
nected), which will be assumed in the rest of this subsection, Aut(G/K) can be identified
with the Lie group
Aut(g/k) :=
{
h ∈ Aut(g) : h(k) = k
}
,
with Lie algebra Der(g/k) := {D ∈ Der(g) : D(k) ⊂ k}. At the Lie algebra level, Aut(g/k)
acts on (T r,sp)K by
γ 7→ h · γ = (h−1)∗γ, where h =
[
∗ ∗
0 h
]
∈ Aut(g/k),
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giving rise to the equivariant equivalence in the simply connected case. Note that AdK ⊂
Aut(g/k).
Remark 3.2. Two non-equivariantly equivalent G-invariant geometric structures γ and γ′
on a homogeneous space M = G/K may be still equivalent in the general sense as in
Section 2, that is, γ′ = f∗γ for some f ∈ Diff(M).
The computation of (T r,sp)K is a technical problem in representation theory whose diffi-
culty strongly depends on the decomposition of p into irreducible and isotypic components
and the type of each irreducible component pi. Recall that pi is said to be of real, complex
or quaternionic type, depending on whether the space of intertwining operators EndK(pi)
is R, C or H, respectively. However, the existence problem of a structure γ ∈ (T r,sp)K
satisfying in addition certain non-degeneracy condition can be very tricky. On the other
hand, the moduli space
Γ/Aut(g/k) ⊂ (T r,sp)K/Aut(g/k)
of a space Γ of G-invariant geometric structures on M = G/K, up to equivariant equiva-
lence, is an object much harder to compute or understand.
A larger group acting on (T r,sp)K is the normalizer
NGL(p)(ad k|p) := {h ∈ GL(p) : h ad k|ph
−1 ⊂ ad k|p}.
This follows from the fact that
θ(ad k|p)h · γ = h · θ(h
−1 ad k|ph)γ = 0, ∀ h ∈ NGL(p)(ad k|p), γ ∈ (T
r,sp)K .
Note that Aut(g/k)|p and the centralizer CGL(p)(ad k|p) are both subgroups ofNGL(p)(ad k|p).
This action is many times a useful tool to obtain non-equivariantly equivalent G-invariant
geometric structures from a given one.
3.3. Operators versus tensors. A property that is satisfied by many classes of geometric
structures is that the orbit GL(p) · γ is open in a certain vector subspace T ⊂ T r,sp and
consists precisely of those tensors which are non-degenerate in some sense. In that case,
θ(gl(p))γ = T , and thus if we consider the GL(p)γ -invariant decomposition,
(11) gl(p) = gl(p)γ ⊕ qγ ,
then θ(qγ)γ = T , where gl(p)γ := {A ∈ gl(p) : θ(A)γ = 0} is the Lie algebra of the
stabilizer subgroup GL(p)γ . Moreover, for every tensor q ∈ T , there exists a unique
operator Q ∈ qγ such that
(12) q = θ(Q)γ.
Note that θ(I)γ = (s− r)γ for any γ ∈ T r,sp (see (10)).
Some examples of geometric structures for which this translation to operators works
follow (see [L8, L11] for further information).
• A Riemannian metric γ = g:
T = S2p∗ ⊂ T 2,0p, gl(p)γ = so(p), qγ = sym(p) := {A ∈ gl(p) : A
t = A}.
For example, if q = −2Rc(g), where Rc(g) is the Ricci tensor of g, then Q = Ric(g),
the Ricci operator of g.
• A pseudo-Riemannian metric γ = g of signature (p, q) (dim p = p+q): T = S2p∗ ⊂ T 2,0p,
gl(p)γ ={A ∈ gl(p) : g(A·, ·) = −g(·, A·)} ≃ so(p, q),
qγ ={A ∈ gl(p) : g(A·, ·) = g(·, A·)}.
8 JORGE LAURET
• An almost-symplectic structure γ = ω (dim p = 2n): T = Λ2p∗ ⊂ T 2,0p,
gl(p)γ ={A ∈ gl(p) : ω(A·, ·) = −ω(·, A·)} ≃ sp(n,R),
qγ ={A ∈ gl(p) : ω(A·, ·) = ω(·, A·)}.
• An almost-hermitian structure γ = (ω, g, J), ω = g(J ·, ·) (dim p = 2n):
T =
{
(ω, g) ∈ Λ2p∗ × S2p∗ : g1,1 = ω1,1(·, J ·)
}
⊂ T 2,0p× T 2,0p,
gl(p)γ ={A ∈ so(p) : AJ = JA} ≃ u(n), qγ = q1 ⊕ q2 ⊕ q3,
where,
q1 ={A ∈ gl(p) : A
t = A, AJ = −JA},
q2 ={A ∈ gl(p) : A
t = −A, AJ = −JA},
q3 ={A ∈ gl(p) : A
t = A, AJ = JA}.
Note that sp(n,R) = u(n)⊕ q1, so(2n) = u(n)⊕ q2 and gln(C) = u(n)⊕ q3.
• A G2-structure γ = ϕ (dim p = 7):
T = Λ3p∗ ⊂ T 3,0p, gl(p)γ = g2, qγ = q1 ⊕ q7 ⊕ q27,
where q1 = RI, so(p) = g2 ⊕ q7 and q27 = sym0(p) := {A ∈ sym(p) : trA = 0}. Here,
an example of preferred direction is q(ϕ) = ∆ϕϕ, where ∆ϕ is the Hodge-Laplacian on
3-forms (giving rise to the G2-Laplacian flow), and Qϕ can be written in terms of the
Ricci operator and the torsion (see [L10, Section 3]).
4. Solitons on homogeneous spaces
In this section, we study solitons on a fixed homogeneous space M = G/K. As in
Section 2, we consider a space of geometric structures Γ and assume that every γ ∈ Γ is
G-invariant, that is,
Γ ⊂ (T r,sp)K ,
where g = k ⊕ p is any reductive decomposition as in Section 3.1. Accordingly, the
equivalence between G-invariant structures on M is defined by scalings and equivariant
diffeomorphisms of M (see Section 3.2). Let us assume that Γ is Aut(G/K)-invariant.
As a preferred direction q we can choose any direction from the general case (see Section
2), which produces a G-invariant preferred direction determined by a function
γ 7→ q(γ) ∈ TγΓ ⊂ (T
r,sp)K .
In this light, once the space Γ and the preferred direction q have been chosen, we obtain
that if γ ∈ Γ is a soliton in the sense of (3), called a semi-algebraic soliton in the literature,
then
(13) q(γ) = cγ + θ(Dp)γ, for some c ∈ R, D =
[
∗ ∗
0 Dp
]
∈ Der(g/k),
where θ denotes the usual gl(p)-representation on tensors (see (10)). Indeed, we have that
(14) θ(Dp)γ = −LXDγ = −
d
dt
∣∣
t=0
f(t)∗γ ∈ Tγ Aut(G/K) · γ,
where f(t) ∈ Aut(G/K), D = d
dt
∣∣
t=0
df(t)|e ∈ Der(g/k) and LXD denotes the Lie derivative
with respect to the vector field XD ∈ X(M) defined by
XD(p) =
d
dt
∣∣
t=0
f(t)(p), ∀p ∈M.
In particular, (G/K, γ) is of course a soliton from the general point of view considered in
(4).
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Conversely, in the simply connected case, any (G/K, γ) satisfying (13) is in fact a semi-
algebraic soliton. Indeed, the existence of the automorphisms f(t) ∈ Aut(G/K) such that
df(t)|e = e
tD ∈ Aut(g/k) is guaranteed for any D ∈ Der(g/k). Note that the fact that
θ(Dp)γ ∈ TγΓ automatically follows from (13).
Remark 4.1. The vector fields XD’s described above can be viewed as generalizations of
linear vector fields on Rn (i.e. Xv = Av, A ∈ gln(R)) and have been strongly used in
control theory on Lie groups after the pioneering article [AT]. Since XD(o) = 0, none of
these vector fields can belong to p (see (8)).
Unlike the concept of soliton, which is invariant under pull-back by diffeomorphisms,
the concept of semi-algebraic soliton is not a geometric invariant, as it may depend on
the presentation of the homogeneous geometric structure (M,γ) as a homogeneous space
(G/K, γ).
On a given homogeneous space M = G/K, the corresponding geometric flow
(15) d
dt
γ(t) = q(γ(t)), γ(0) = γ,
is actually an ODE rather than a PDE. Indeed, the solutions to (15) are precisely the
integral curves of the vector field q on the finite-dimensional vector space (T r,sp)K . In
particular, short time existence (forward and backward) of G-invariant solutions and their
uniqueness (among G-invariant solutions) are always guaranteed.
We assume from now on that G is simply connected and K is connected. Notice that
γ is a semi-algebraic soliton if and only if the solution γ(t) to (15) is given by
(16) γ(t) = c(t)f(t)∗γ, for some c(t) ∈ R∗, f(t) ∈ Aut(G/K),
that is, γ(t) is self-similar relative to equivariant equivalence (cf. (6)). More precisely, it
is easy to check that condition (13) holds for (G/K, γ) if and only if
(17) γ(t) = c(t)es(t)Dp · γ,
is a solution to (15), where
c(t) := ((1− α)ct+ 1)
1
1−α , s(t) :=
log((1− α)ct + 1)
(1− α)c
(set s(t) := t if c = 0).
Recall that α < 1 (see (7)) and note that c(0) = 1, c′(t) = c c(t)α and s(0) = 0, s′(t) =
c(t)α−1.
The following result is essentially contained in [J2, Theorem 3.1].
Proposition 4.2. Let (G/K, γ) be a semi-algebraic soliton and assume that K is compact.
Then there exist f(t) ∈ Aut(G/K), f(0) = id, such that,
(i) the solution to (15) is given by γ(t) = c(t)f(t)∗γ, for some c(t) ∈ R∗;
(ii) f(t)|K = id for all t.
Proof. According to (16), γ(t) = c(t)g(t)∗γ, for some c(t) ∈ R∗ and g(t) ∈ Aut(G/K). We
can assume that g(0) = id by just composing with g(0)−1, which belongs to Aut(M,γ)
as γ(0) = γ. Since K is connected and compact, the identity component Aut(K)0 of
Aut(K) consists of inner automorphisms, and thus there exist a(t) ∈ K, a(0) = e, such
that g(t)|K = Ia(t), the conjugation map by a(t). But Ia(t) ∈ Aut(G/K) and is an
automorphism of γ (recall that dIa(t)|o = Ad(a(t)) ∈ Ad(K)), so f(t) := I
−1
a(t)
◦ g(t)
satisfies that f(t)∗γ = g(t)∗γ and f(t)|K = id for all t, concluding the proof. 
In the case when the reductive decomposition g = k ⊕ p for G/K with B(k, p) = 0
is considered, where B is the Killing form of g, it follows that Dp ⊂ p for any D ∈
Der(g/k) (see [LL1, Lemma 3.10]). If in addition K is compact, then by Proposition 4.2
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the derivation in the definition (13) of a semi-algebraic soliton (G/K, γ) takes the simpler
form
(18) D =
[
0 0
0 Dp
]
∈ Der(g/k).
Recall that Γ is typically contained in a single GL(p)-orbit. We assume for the rest
of this section that GL(p) · γ is in addition open in a suitable subspace T ⊂ T r,sp, as in
Section 3.3. In that case, in terms of the operator viewpoint proposed in Section 3.3, the
semi-algebraic soliton condition (13) for (G/K, γ) can be rewritten as
(19) Qγ =
c
s−r
I + prγ(Dp),
where q(γ) = θ(Qγ)γ, Qγ ∈ qγ (see (12)) and prγ : gl(p)→ qγ is the projection relative to
decomposition (11). The matrix equation (19) has been extremely useful to explore the
existence and study the structure of semi-algebraic solitons in many different contexts.
In the special case when (19) holds for a derivation D ∈ Der(g/k) such that
(20) prγ(Dp) = Dp,
(G/K, γ) is called an algebraic soliton. It is worth noticing that being an algebraic soliton
may a priori not only depend on the homogeneous space presentation, but also on the
reductive decomposition g = k ⊕ p chosen. Algebraic solitons are also distinguished from
other points of view, as bracket flow evolution (see Section 6) and the flow diagonal
property (see Section 7).
Any homogeneous Ricci soliton is isometric to an algebraic soliton (see [J1]). On the
other hand, examples of G2-Laplacian and pluriclosed semi-algebraic solitons which are
not isometric to any algebraic soliton were respectively found in [N, L9] and [AL2].
Interplaying geometric and algebraic aspects of the homogeneous structure (G/K, γ),
the role of algebraic solitons has been crucial in the study of homogeneous Ricci solitons.
On the other hand, they have also used to obtain explicit examples of homogeneous soli-
ton geometric structures in the case of pseudo-Riemannian, complex, symplectic and G2
geometries. A far from complete list of references follows.
• Ricci solitons [Nk, F1, L3, W, KP, J2, LL1, J1, LL2, JPW, AL1] (see the survey [L2]
for references previous to 2008).
• Pseudo-Riemannian Ricci solitons [BCGG, CF, O].
• Chern-Ricci solitons [L7, LR].
• Pluriclosed solitons [AL2].
• Hermitian curvature flow solitons [Pj, LPV].
• Anti-complexified Ricci solitons [L1, F2].
• Symplectic curvature flow solitons [L7, F2, LW1].
• G2-Laplacian solitons [N, L9, L10, FR1, FR2, BF, LN, MS].
Remark 4.3. Given a semi-algebraic soliton (G/K, γ), if G admits a cocompact discrete
subgroup Λ, then Λ acts freely and properly discontinuous on G/K and the solution
γ(t) is also a solution to (15) on the compact manifold M ′ = Λ\G/K, which is locally
diffeomorphic to M = G/K. However, the locally homogeneous manifold (M ′, γ) is not
longer a soliton in general since the field XD may not descend to M
′. The solution
(M,γ(t)) is very peculiar though, it is ‘locally self-similar’ in the sense that γ(t) is locally
equivalent to γ up to scaling for all t.
5. On the evolution of homogeneous geometric structures
We assume in this section that Aut(M,γ) is a Lie group. Recall that this holds, for
example, when there is a Riemannian metric attached to γ (see Remark 3.1).
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Proposition 5.1. For any homogeneous geometric structure (M,γ), there exists a unique
solution γ(t) to (5) which is Aut(M,γ)-invariant. Furthermore, γ(t) has the following
properties:
(i) γ(t) is defined in a maximal interval of time (T−, T+), where T− < 0 < T+.
(ii) Aut(M,γ(t)) = Aut(M,γ) for all t ∈ (T−, T+).
(iii) For any transitive Lie subgroup of automorphisms G ⊂ Aut(M,γ), γ(t) is the unique
G-invariant solution to (15) on the corresponding homogeneous space M = G/K.
Proof. The existence and uniqueness of the solution γ(t) and part (i) follow from the
paragraph below (15) applied to G = Aut(M,γ). On the other hand, part (iii) follows
from uniqueness and the fact that γ(t) is also G-invariant for any G ⊂ Aut(M,γ). This
implies that given t0, since Aut(M,γ) ⊂ Aut(M,γ(t)) for all t, we have that γ(t + t0) is
the Aut(M,γ)-invariant solution starting at γ(t0). Thus γ(t + t0) is also Aut(M,γ(t0))-
invariant and so Aut(M,γ(t0)) ⊂ Aut(M,γ), by evaluating at t = −t0, and part (ii) holds,
concluding the proof. 
Since the uniqueness of geometric flow solutions is in most cases established only for
compact manifolds, we do not know a priori if there are homogeneous solutions other
than γ(t) starting at a noncompact homogeneous (M,γ). This seems to be very unlikely
though.
The following result was proved in [J2, Theorem 3.1] for Ricci solitons; we essentially
follow the lines of that proof.
Theorem 5.2. Let (M,γ) be a soliton as in (4) which is homogeneous. If the solution γ(t)
(see Proposition 5.1) is self-similar as in (6), then (G/K, γ) is a semi-algebraic soliton
for the presentation M = G/K with G = Aut(M,γ).
Remark 5.3. In particular, γ(t) = c(t)f(t)∗γ for some c(t) ∈ R∗ and f(t) ∈ Aut(G/K)
such that f(0) = id and f(t)|K = id for all t by Proposition 4.2, since the isotropy K is
compact.
Proof. Consider the presentation M = G/K, where G = Aut(M,γ) and K is the isotropy
subgroup of G at some p ∈M . It follows from (6) that γ(t) = c(t)g(t)∗γ for some c(t) ∈ R∗
and g(t) ∈ Diff(M). It can be assumed that g(0) = id, and also that g(t)(p) = p for all
t, by composing with h(t) ∈ G such that h(t)−1(p) = g(t)(p). Since G = Aut(M,γ(t)) =
g(t)−1Gg(t) for all t (see Proposition 5.1, (ii)), we can define an isomorphism f˜(t) : G −→
G by f˜(t)(a) := g(t)ag(t)−1 for all a ∈ G, which in turns determines f(t) ∈ Aut(G/K) as
f˜(t)(K) ⊂ K. But f(t) = g(t) on G/K for all t:
f(t)(aK) = g(t)ag(t)−1K = g(t)ag(t)−1(p) = g(t)(a(p)) = g(t)(aK), ∀a ∈ G,
which concludes the proof. 
Remark 5.4. It follows from the proof of the above proposition that if γ(t) = c(t)f(t)∗γ
for some c(t) ∈ R∗ and f(t) ∈ Diff(M) such that f(0) = id, f(t)(o) = o, then f(t) ∈
Aut(G/K) for all t for G = Aut(M,γ).
The uniqueness of solutions has been proved in some cases (e.g. for the Ricci flow)
among bounded curvature solutions on non-compact manifolds. We note that this applies
to homogeneous solutions.
Corollary 5.5. Assume that for each homogeneous (M,γ), there exists a unique solution
γ(t) to (5) such that (M,γ(t)) is homogeneous for all t. Then any homogeneous soliton
(M,γ) is a semi-algebraic soliton when presented as a homogeneous space (G/K, γ) with
G = Aut(M,γ).
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6. The moving-bracket approach
Let (G/K, γ) be a homogeneous space endowed with a G-invariant geometric structure.
We note that all the geometry of (G/K, γ) is essentially encoded only in the tensor γ ∈
(T r,sp)K and the Lie bracket µ of g. Therefore, in order to vary homogeneous geometric
structures, it is natural to wonder about what if we vary µ rather than γ. To do so,
we consider a fixed (k + n)-dimensional real vector space g together with a direct sum
decomposition
(21) g = k⊕ p, dim k = k, dim p = n,
a fixed suitable tensor γ ∈ T r,sp (or a tuple of tensors) and the variety of Lie algebras
L ⊂ Λ2g∗⊗g ⊂ T 2,1g (i.e. the algebraic subset of all Lie brackets on the vector space g). In
this way, each µ ∈ L determines a simply connected almost-effective homogeneous space
endowed with an invariant geometric structure with reductive decomposition g = k ⊕ p,
say (Gµ/Kµ, γ), provided that the following conditions hold:
(i) µ(k, k) ⊂ k and µ(k, p) ⊂ p.
(ii) Kµ is closed in Gµ, where Gµ denotes the simply connected Lie group with Lie
algebra (g, µ) and Kµ is the connected Lie subgroup of Gµ with Lie algebra k.
(iii) {Z ∈ k : µ(Z, p) = 0} = 0.
(iv) θ(adµ Z|p)γ = 0 for all Z ∈ k.
If Hγk,n denotes the subset of L, consisting of the elements satisfying (i)-(iv), then via the
identification
(22) Hγk,n ∋ µ←→ (Gµ/Kµ, γ),
the space Hγk,n parametrizes the set of all n-dimensional simply connected homogeneous
spaces with k-dimensional isotropy endowed with an invariant geometric structure of the
same type as the fixed γ (see [L5, L8] for more detailed treatments).
Recall that any Lie group isomorphism G→ G′ taking K onto K ′ defines a diffeomor-
phismG/K → G′/K ′ called an equivariant diffeomorphism. In that case, the homogeneous
spaces are said to be equivariantly equivalent.
The natural actions on tensors provide the following key equivariant equivalence between
geometric structures:
(23) (Gh·µ/Kh·µ, γ)←− (Gµ/Kµ, h
∗γ), ∀ h =
[
hk 0
0 h
]
∈ GL(g),
given by the Lie group isomorphism Gµ → Gh·µ with derivative h. In the case when
Γ ⊂ GL(p) · γ, it follows from (22) and (23) that the orbit (GL(k)×GL(p)) ·µ contains all
the geometric structures of the same type of γ (up to equivalence) on the homogeneous
space Gµ/Kµ, for each µ ∈ H
γ
k,n. Note that all the homogeneous spaces involved share
the same reductive decomposition g = k⊕ p.
The scaling of tensors can be viewed on the space Hγk,n as follows. Since (cI)
∗γ = cr−sγ
for any c ∈ R∗ and γ ∈ T r,sp (see (9)), if we set h :=
(
I, c−1I
)
∈ GL(k) ×GL(p), then we
obtain from (23) that
(Gc·µ/Kc·µ, γ) ≃ (Gµ/Kµ, c
s−rγ),
where c · µ := h · µ is given by
(24) c · µ|k×k = µ, c · µ|k×p = µ, c · µ|p×p = c
2µk + cµp,
and the subscripts denote the k- and p-components of µ|p×p.
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Remark 6.1. The usual convergence of a sequence of brackets produces convergence of
the corresponding geometric structures in well-known senses, like pointed (or Cheeger-
Gromov) and smooth up to pull-back by diffeomorphisms, under suitable conditions (see
[L5, L8]). Remarkably, a degeneration (i.e. λ ∈ GL(g) · µ \ GL(g) · µ) may give rise to
the convergence of a sequence of geometric structures on a given homogeneous space (see
(23)) toward a structure on a different homogeneous space, which may be topologically
quite different.
The moving-bracket approach has actually been used for decades in homogeneous geom-
etry (see the overviews given in [L8, Section 5] and [LW2, Section 3]). In most applications,
concepts and results from geometric invariant theory, including moment maps and their
convexity properties, closed orbits, stability, categorical quotients and Kirwan stratifica-
tion, have been exploited in one way or another.
6.1. The bracket flow. We assume for the rest of the paper that GL(p) · γ is open in
T ⊂ T r,sp as in Section 3.3.
Motivated by equivalence (23), a main tool to study the geometric flow (15) is a dy-
namical system defined on the variety of Lie algebras L called the bracket flow, defined
by
(25) d
dt
µ(t) = θ
([
0 0
0 Qµ(t)
])
µ(t), µ(0) = µ,
where Qµ ∈ qγ ⊂ gl(p) is the unique operator such that θ(Qµ)γ = q(Gµ/Kµ, γ) (see (12)).
The bracket flow is equivalent to the geometric flow (15) in the following precise sense.
Given µ ∈ Hγk,n, we consider the one-parameter families
(Gµ/Kµ, γ(t)) and
(
Gµ(t)/Kµ(t), γ
)
,
where γ(t) is the solution to the geometric flow (15) and µ(t) is the solution to the bracket
flow (25). Recall that g = k⊕ p is a reductive decomposition for each of the homogeneous
spaces involved.
Theorem 6.2. [L8, Theorem 5] There exist equivariant diffeomorphisms
h˜(t) : Gµ/Kµ −→ Gµ(t)/Kµ(t) such that γ(t) = h˜(t)
∗γ, ∀t.
Moreover, each h˜(t) can be chosen to be the Lie group isomorphism Gµ −→ Gµ(t) with
derivative
h(t) :=
[
I 0
0 h(t)
]
: g −→ g,
where h(t) = dh˜(t)|o : p −→ p is the solution to any of the following ODE’s:
(i) d
dt
h(t) = −h(t)Qγ(t), h(0) = I, where Qγ(t) ∈ qγ(t) ⊂ gl(p) is defined by
θ(Qγ(t))γ(t) = q(G/K, γ(t)).
(ii) d
dt
h(t) = −Qµ(t)h(t), h(0) = I, where Qµ(t) ∈ qγ ⊂ gl(p) is defined by
θ(Qµ(t))γ = q(Gµ(t)/Kµ(t), γ).
Remark 6.3. The following conditions also hold:
(iii) γ(t) = h(t)∗γ for all t.
(iv) µ(t) = h(t) · µ for all t.
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The bracket flow is useful to better visualize the possible limits of solutions, under
diverse rescalings, as well as to address regularity issues. Since the flows differ only by
pullback by time-dependent diffeomorphisms, the behavior of any geometric quantity can
be studied along the bracket flow solutions. We now list some of its properties and appli-
cations.
• The flows (15) and (25) are also equivalent in the following strong sense: each one can
be obtained from the other by solving the corresponding ODE in part (i) or (ii) and
applying parts (iv) or (iii), accordingly. In particular, the maximal interval of time
(T−, T+) where a solution exists is exactly the same for both flows.
• The velocity of the flow q(γ(t)) must blow up at any finite-time singularity. More
precisely, if r > s and T+ <∞, then
|q(γ(t))|t ≥
C
T+ − t
, |µ(t)| ≥
C
(T+ − t)
1
(r−s)(1−α)
, ∀t ∈ [0, T+),
for some C > 0 depending only on the dimension k+n and the geometric flow (see [L8,
Corollary 5] and [L8, Proposition 5], respectively).
• µ(t) may converge to a geometric structure on a different homogeneous space, as ex-
plained in Remark 6.1 (see [L8, Corollary 4]). This occurs already in dimension 3 for
the Ricci flow (see [L6]).
• Many geometric flows have been studied in the homogeneous case using the bracket flow,
including the Ricci flow [G, P, GP, L4, L6, A, Lf, LL1], the Chern-Ricci flow [L7, LR],
the pluriclosed flow [EFV, AL2], the hermitian curvature flow [LPV], the symplectic
curvature flow [LW1] and the G2-Laplacian flow [FFM, L9, BF, MS].
• The bracket flow was recently applied by Bo¨hm-Lafuente in [BL1, BL2] to prove the con-
vergence of any immortal homogeneous Ricci flow solution to a homogeneous expanding
Ricci soliton.
6.2. Bracket flow evolution of solitons. In the light of the equivalence between the
flows (15) and (25), a natural question arises: how do solitons evolve according to the
bracket flow? It is natural to expect an evolution of a very special kind.
If µ is a fixed point (up to scaling) of the bracket flow (25), i.e. µ(t) = c(t) · µ for some
c(t) ∈ R∗ (see (24)), then by just evaluating the equation at t = 0 one obtains
(26) Qµ = cI +Dp, for some c ∈ R, D =
[
0 0
0 Dp
]
∈ Der(g/k).
This implies that (Gµ/Kµ, γ) is an algebraic soliton (see (19) and (20)) satisfying (18).
The converse assertion also holds, see Corollary 6.5 below.
We now describe the bracket flow evolution of any semi-algebraic soliton.
Proposition 6.4. Let (Gµ/Kµ, γ) be a semi-algebraic soliton as in (13), say q(γ) =
cγ + θ(Dp), and assume that (18) holds. Then the bracket flow solution starting at µ is
given by
(27) µ(t) = c(t)
1
s−r ·
([
I 0
0 es(t)A
]
· µ
)
, A := prgl(p)γ (Dp),
where c(t) and s(t) are as in (17) and prgl(p)γ : gl(p)→ gl(p)γ is the projection relative to
the decomposition gl(p) = gl(p)γ ⊕ qγ given in (11).
Proof. It follows from (17) that γ(t) = c(t)es(t)Dp · γ and thus
q(γ(t)) =c(t)αes(t)Dp · q(γ) = cc(t)αes(t)Dp · γ + c(t)αθ(Dp)e
s(t)Dp · γ
=cc(t)α−1γ(t) + c(t)α−1θ(Dp)γ(t).
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This implies that
Qγ(t) =
cc(t)α−1
s−r
I + c(t)α−1 prγ(t)(Dp)
= cc(t)
α−1
s−r
I + c(t)α−1es(t)Dp prγ(Dp)e
−s(t)Dp(28)
=es(t)Dp
(
cc(t)α−1
s−r
I + c(t)α−1(Dp −A)
)
e−s(t)Dp
=c(t)α−1es(t)DpQγe
−s(t)Dp ,
where A := prgl(p)γ (Dp). According to Theorem 6.2, one can compute the bracket flow
solution µ(t) by solving the differential equation given in its part (i). It is straightforward
to check that the solution is given by
h(t) := c(t)
1
r−s es(t)Ae−s(t)Dp ,
where c(t) and s(t) are as in (17), and therefore formula (27) follows from (18), concluding
the proof. 
Corollary 6.5. (Gµ/Kµ, γ) is an algebraic soliton satisfying (18) if and only if µ is a
fixed point (up to scaling) of the bracket flow.
In particular, algebraic solitons are precisely the possible limits of any normalized
bracket flow (cf. Remark 6.1). Furthermore, given a starting point, one can obtain at
most one non-flat algebraic soliton as a limit by running all possible normalized bracket
flow solutions.
We note that for expanding (resp. shrinking) solitons, the function s is strictly increasing
and s(t) → ∞ as t → ∞ (resp. s(t) → −∞ as t → −∞). Recall also that s(t) = t for
steady solitons.
In the case when A is skew-symmetric (e.g. if a metric is attached to γ, since in that
case gl(p)γ ⊂ so(p)), its eigenvalues are either purely imaginary numbers or zero, say
±ia1, . . . ,±iam, 0, . . . , 0 (aj > 0). Thus exactly one of the following two behaviors occur:
(i) If the set {a1, . . . , am} is linearly dependent over Q, then there exists a sequence tk,
with tk → ±∞ (depending on the type of soliton), such that e
s(tk)A = I for all k,
and thus the bracket flow solution projected on the sphere is periodic.
(ii) If on the contrary, the set {a1, . . . , am} is linearly independent over Q, then by
Kronecker’s theorem, for each t0 ∈ (T−, T+), there exists a sequence tk, with tk →
±∞, such that es(tk)A → es(t0)A. This implies that the solution projected on the
sphere is not periodic but develop the following chaotic behavior: for each t0 there
exists a sequence tk →∞ such that µ(tk)/|µ(tk)| converges to µ(t0)/|µ(t0)|, that is,
each point of the solution on the sphere is contained in the ω-limit.
There are examples of G2-Laplacian (see [N, L9]) and pluriclosed (see [AL2]) semi-
algebraic solitons satisfying (i). However, the existence of a semi-algebraic soliton as in
part (ii) is still an open problem.
7. Simultaneous diagonalization of a homogeneous geometric flow
In this section, we aim to characterize algebraic solitons among homogeneous solitons
in a geometric way. It will be assumed here that γ comes with a Riemannian metric gγ
(see Remark 3.1).
Definition 7.1. A homogeneous geometric structure (M,γ) is said to be flow diagonal
if the Aut(M,γ)-invariant solution γ(t) starting at γ (see Proposition 5.1) satisfies the
following property: at some point p ∈ M , there exists an orthonormal basis β of TpM
such that the matrix [Qγ(t)]β is diagonal for all t.
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Note that the point p can be replaced by any other point of M by homogeneity. The
property of being flow diagonal is a geometric invariant since given f ∈ Diff(M), the
operators corresponding to (M,f∗γ) are simultaneously conjugate, via df |f−1(p), to those
of (M,γ).
If (M,γ) is flow diagonal, then the velocity of the geometric flow q(γ(t)) = θ(Qγ(t))γ(t)
takes a very simple form in terms of the fixed basis β, making the study of any aspect of
the solutions to the ODE (15) much more workable, including its qualitative behavior and
the search for exact solutions. Indeed, once we consider a presentation (M,γ) = (G/K, γ)
and a reductive decomposition g = k ⊕ p, recall from Theorem 6.2 that γ(t) = h(t)∗γ for
the solution h(t) ∈ GL(p) to the ODE d
dt
h(t) = −h(t)Qγ(t), h(0) = I. It follows that the
following conditions are equivalent:
(i) (G/K, γ) is flow diagonal.
(ii) The family of operators {h(t) : t ∈ (T−, T+)} is simultaneously diagonalizable with
respect to an orthonormal basis of p.
For instance, the flow diagonal condition was assumed in the study of the Ricci flow on
4-dimensional homogeneous manifolds in [IJL, Lt] and it was shown to hold in most of the
exact Laplacian flow solutions on nilpotent Lie groups given in [FFM, Section 4].
Example 7.2. Let (G/K, γ) be a simply connected semi-algebraic soliton such that (18)
holds. It follows from (28) that
(29) Qγ(t) = c(t)
α−1es(t)DpQγe
−s(t)Dp , ∀t.
In particular, if (G/K, γ) is actually an algebraic soliton, then [Qγ ,Dp] = 0 and so Qγ(t) =
c(t)α−1Qγ . Thus (G/K, γ) is flow diagonal as soon as only Qγ is diagonalizable with
respect to an orthonormal basis, i.e. Qγ symmetric.
We now show that the flow diagonal condition characterizes algebraic solitons among
homogeneous solitons. Recall that according to Theorem 5.2, any homogeneous soliton
can be presented as a semi-algebraic soliton.
Theorem 7.3. A semi-algebraic soliton (G/K, γ) with K compact and Qγ symmetric is
flow diagonal if and only if it is an algebraic soliton.
Remark 7.4. In particular, any semi-algebraic soliton which is equivalent (via a diffeomor-
phism) to an algebraic soliton must be an algebraic soliton itself.
Proof. We have that Qγ = cI+S, where Dp = A+S, A ∈ gl(p)γ , A
t = −A (since there is
a metric attached to γ), and S ∈ qγ , S
t = S (since Qtγ = Qγ). According to Proposition
4.2, we can assume that D satisfies (18). If (G/K, γ) is flow diagonal, then it follows from
(29) that
[esDpQγe
−sDp , Qγ ] = 0, ∀s ∈ (−ǫ, ǫ).
Hence [[Dp, Qγ ], Qγ ] = 0 and
0 = trDp[[Dp, Qγ ], Qγ ] = − tr [Dp, Qγ ]
2 = − tr [A,S]2,
from which follows that [A,S] = 0 as it is symmetric, and thus Dp is normal. This
implies that D is normal as well relative to any extension of the inner product to g and
so Dt ∈ Der(g). Thus Qγ = cI +
1
2(Dp + D
t
p), with
1
2(D + D
t) ∈ Der(g), showing that
(G/K, γ) is an algebraic soliton. 
THE SEARCH FOR SOLITONS ON HOMOGENEOUS SPACES 17
References
[A] R. Arroyo, The Ricci flow in a class of solvmanifolds, Diff. Geom. Appl. 31 (2013), 472-485.
[AL1] R. Arroyo, R. Lafuente, Homogeneous Ricci solitons in low dimensions, Int. Math. Res.
Notices 2015 (2015), 4901-4932.
[AL2] R. Arroyo, R. Lafuente, The long-time behavior of the homogeneous pluriclosed flow, Proc.
London Math. Soc. 119 (2019), 266-289.
[AT] V. Ayala, J. Tirao, Linear Control Systems on Lie Groups and Controllability, Proc. Symp.
Pure Math. 64 (1999), 47-64.
[BF] L. Bagaglini, A. Fino, The Laplacian coflow on almost-abelian Lie groups, Ann. Mat. Pura
Appl. 197 (2018), 1855-1873.
[B] A. Besse, Einstein manifolds, Ergeb. Math. 10 (1987), Springer-Verlag, Berlin-Heidelberg.
[BL1] C. Bo¨hm, R. Lafuente, Immortal homogeneous Ricci flows, Invent. Math. 212 (2018), 461-529.
[BL2] C. Bo¨hm, R. Lafuente, The Ricci flow on solvmanifolds of real type, Adv. Math., in press
(arXiv).
[BCGG] M. Brozos-Va´zquez, G. Calvaruso, E. Garc´ıa-Rı´o and S. Gavino-Ferna´ndez, Three-
dimensional Lorentzian homogeneous Ricci solitons, Israel J. Math. 188 (2012), 385-403.
[CF] G. Calvaruso, A. Fino, Four-dimensional pseudo-Riemannian homogeneous Ricci solitons, Int.
J. Geom. Methods Mod. Phys. 12 (2015), No. 05, 1550056.
[C] B. Chow, S.-C. Chu, D. Glickenstein, C. Guenther, J. Isenberg, T. Ivey, D. Knopf,
P. Lu, F. Luo, L. Ni, The Ricci flow: Techniques and Applications, Part I: Geometric Aspects,
AMS Math. Surv. Mon. 135 (2007), Amer. Math. Soc., Providence.
[EFV] N. Enrietti, A. Fino, L. Vezzoni, The pluriclosed flow on nilmanifolds and tamed symplectic
flow, J. Geom. Anal. 25 (2015), 883-909.
[F1] E. Ferna´ndez-Culma, Classification of 7-dimensional Einstein Nilradicals, Transf. Groups 17
(2012), 639-656.
[F2] E. Ferna´ndez-Culma, Soliton almost Ka¨hler structures on 6-dimensional nilmanifolds for the
symplectic curvature flow, J. Geom. Anal. 25 (2015), 2736-2758.
[FFM] M. Ferna´ndez, A. Fino, V. Manero, Laplacian flow of closed G2-structures inducing nilsoli-
tons, J. Geom. Anal. 26 (2016), 1808-1837.
[FR1] A. Fino, A. Raffero, Closed warped G2-structures evolving under the Laplacian flow, Ann.
Scuola Sup. Pisa, in press.
[FR2] A. Fino, A. Raffero, Remarks on homogeneous solitons of the G2-Laplacian flow, preprint
2019 (arXiv).
[GP] D. Glickenstein, T.L. Payne, Ricci flow on three-dimensional, unimodular metric Lie algebras,
Comm. Anal. Geom. 18 (2010), 927-962.
[G] G. Guzhvina, The action of the Ricci flow on almost flat manifolds, Ph.D. thesis, Universita¨t
Mu¨nster (2007).
[H] R.S. Hamilton, The Ricci flow on surfaces, Contemp. Math. 71 (1988), 237-261.
[IJL] J. Isenberg, M. Jackson, P. Lu, Ricci flow on locally homogeneous closed 4-manifolds, Comm.
Anal. Geom. 14 (2006), 345-386.
[J1] M. Jablonski, Homogeneous Ricci solitons are algebraic, Geom. Topol. 18 (2014), 2477-2486.
[J2] M. Jablonski, Homogeneous Ricci solitons, J. reine angew. Math. 699 (2015) 159-182.
[JPW] M. Jablonski, P. Petersen, M.B. Williams, Linear stability of algebraic Ricci solitons, J.
reine angew. Math. 713 (2016), 181-224.
[KP] H. Kadioglu, T.L. Payne, Computational methods for nilsoliton metric Lie algebras I, J. Symb.
Comp. 50 (2013), 350-373.
[KMT] S. Karigiannis, B. McKay, M.-P. Tsui, Soliton solutions for the Laplacian co-flow of some
G2-structures with symmetry, Diff. Geom. Appl. 30 (2012), 318-333.
[Lf] R. Lafuente, Scalar curvature behavior of homogeneous Ricci flows, J. Geom. Anal. 25 (2015),
2313-2322.
[LL1] R. Lafuente, J. Lauret, On homogeneous Ricci solitons, Quart. J. Math. 65 (2014), 399-419.
[LL2] R. Lafuente, J. Lauret, Structure of homogeneous Ricci solitons and the Alekseevskii conjec-
ture, J. Diff. Geom. 98 (2014), 315-347.
[LPV] R. Lafuente, M. Pujia, L. Vezzoni, Hermitian Curvature flow on Lie groups and static in-
variant metrics, preprint 2018 (arXiv).
[L1] J. Lauret, A canonical compatible metric for geometric structures on nilmanifolds, Ann. Global
Anal. Geom. 30 (2006), 107-138.
[L2] J. Lauret, Einstein solvmanifolds and nilsolitons, Contemp. Math. 491 (2009), 1-35.
18 JORGE LAURET
[L3] J. Lauret, Ricci soliton solvmanifolds, J. reine angew. Math. 650 (2011), 1-21.
[L4] J. Lauret, The Ricci flow for simply connected nilmanifolds, Comm. Anal. Geom. 19 (2011),
831-854.
[L5] J. Lauret, Convergence of homogeneous manifolds, J. London Math. Soc. 86 (2012), 701-727.
[L6] J. Lauret, Ricci flow of homogeneous manifolds, Math. Z. 274 (2013), 373-403.
[L7] J. Lauret, Curvature flows for almost-hermitian Lie groups, Transactions Amer. Math. Soc. 367
(2015), 7453-7480.
[L8] J. Lauret, Geometric flows and their solitons on homogeneous spaces (Workshop in memory of
Sergio Console), Rend. Sem. Mat. Torino 74 (2016), 55-93.
[L9] J. Lauret, Laplacian flow of homogeneous G2-structures and its solitons, Proc. London Math.
Soc. 114 (2017), 527-560.
[L10] J. Lauret, Laplacian solitons: Questions and homogeneous examples, Diff. Geom. Appl. 54
(2017), 345-360.
[L11] J. Lauret, Finding solitons, preprint 2019.
[LN] J. Lauret, M. Nicolini, Extremally Ricci pinched G2-structures on Lie groups, preprint 2019
(arXiv).
[LR] J. Lauret, E. Rodr´ıguez-Valencia, On the Chern-Ricci flow and its solitons for Lie groups,
Math. Nachrichten 288 (2015), 1512-1526.
[LW1] J. Lauret, C.E. Will, On the symplectic curvature flow for locally homogeneous manifolds, J.
Symp. Geom. 15 (2017), 1-49.
[LW2] J. Lauret, C.E. Will, On Ricci negative Lie groups, preprint 2019 (arXiv).
[LWn] H-V. Le, G. Wang, Anti-complexified Ricci flow on compact symplectic manifolds, J. reine
angew. Math. 530 (2001), 17-31.
[Ln] C. Lin, Laplacian solitons and symmetry in G2-geometry, J. Geom. Phys. 64 (2013), 111-119.
[Ly] J. Lotay, Geometric flows of G2 structures, Fields Institute Communications, Springer, in press
(arXiv).
[Lt] J. Lott, On the long-time behavior of type-III Ricci flow solutions, Math. Annalen 339 (2007),
627-666.
[MS] A. Moreno, H. Sa´ Earp, Explicit Soliton for the Laplacian Co-Flow on a Solvmanifold, Sa˜o
Paulo J. math. sci., in press.
[N] M. Nicolini, Laplacian solitons on nilpotent Lie groups, Bull. Belgian Math. Soc. 25 (2018),
183-196.
[Nk] Y. Nikolayevsky, Einstein solvmanifolds and the pre-Einstein derivation, Trans. Amer. Math.
Soc. 363 (2011), 3935-3958.
[O] K. Onda, Examples of algebraic Ricci Solitons in the Pseudo-Riemannian case, Acta Math.
Hungarica, in press.
[P] T. Payne, The Ricci flow for nilmanifolds, J. Modern Dyn. 4 (2010), 65-90.
[Pj] M. Pujia, Expanding solitons to the Hermitian curvature flow on complex Lie groups, Diff.
Geom. App., in press.
[S] J. Streets, Classification of solitons for pluriclosed flow on complex surfaces, Math. Annalen
375 (2019), 1555-1595.
[ST1] J. Streets, G. Tian, Hermitian curvature flow, J. Eur. Math. Soc. 13 (2011), 601-634.
[ST2] J. Streets, G. Tian, Symplectic curvature flow, J. reine angew. Math. 696 (2014), 143-185.
[TW] V. Tosatti, B. Weinkove, On the evolution of a hermitian metric by its Chern-Ricci form, J.
Diff. Geom. 99 (2015), 125-163.
[W] C.E. Will, The space of solvsolitons in low dimensions, Ann. Global Anal. Geom. 40 (2011),
291-309.
Universidad Nacional de Co´rdoba and CIEM, CONICET (Argentina)
E-mail address: lauret@famaf.unc.edu.ar
